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HARTREE-FOCK WAVE FUNCTIONS FOR THE 4p SHELL ATOMS 

R, E. Watson*t 
Avco, RAD, Wilmington, Massachusetts 

and 

A. J. Freeman* 
Materials Research Laboratory, Ordnance Materials Research orfice 

Watertown. Massachusetts 

ABSTRACT 

Conventional (or restricted) Hartree-Fock wave functions have 

been obtained for Ga*. Ge++, Br*, Rb+ and the neutral atoms Zn, Ga, Ge, 

As, Se, Br and Kr. Analytic Hartree-Fock methods utilizing a version 

of Nesbet's symmetry and equivalence restrictions, .were used to obtain 

the solutions in analytic form (sums of powers of r times exponentials), 

Results are given in the form of wave functions, one-electron energies, 

and total energies.  Comparison Is made with the earlier results for 

Zn and Kr, the only atoms In this group for which H-F solutions exist. 

'Quests  of  the  Solid State and  Molecular Theory Group,  M.I.T. 

^fart  of   the  work  o/ thi$ author was  sitpported   by  tft«  OrdnanQe  Materials  Research  Office. 
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I.  INTRODUCTION 

It has beaome Increasingly apparent that Hartree-Fock wave functions 

for free atoms and ions can play a vital role in providing approximate 

descriptions of molecular and solid state phenomenon. A striking example 

of this, and one which was quite unexpected, is the successful use11' of 

free ion Hartree-Fock wave functions to describe the recent data on isomeric 

shifts (i.e., total s electron density at the nucleus) which have been 

determine by Mossbauer experiments.  It goes without saying that basic'to 

any such applications is not only the existence of such functions but their 

availability in a form suitable for computation.  In some of our own studies 

involving the 4P atoms the complete lack of H-F wave functions, for this   •> 

part of the periodic table, was only too obvious.  In order to overcome this 

difficulty, we have determined Hartree-Fock solutions for Ga+, Ge++, Br', Rb+ 
a 

and the neutral atoms Zn, Ga, Ge, As, Se, Br and Kr. Of these, Hartree-Fock 

(H-F) results have been previously available for only^Zn'2' and Kr*8'. 

These are conventional or restricted Hartree-Fock solutions in that one- 

electron functions of the same shell are constrained to have the same radial 

dependence. '^ • 

As we have said, aside from their own inherent interest as a descrip- 

tion of the electronic structure of free atoms, a major purpose' of such 

calculations is to supply a starting point for further investigations.  The 

spherical ion results have been used to obtain the Sternheiraer quadrupole 

antishleldlng factors*8, (7oo's) as these extend our knowledge of theoretical 

values of ^ to ions for which only estimates could be made previously161 

fexaspt for Rb* for which Hartree calculations exist.) The H-F results have 

been utiliaed in s&veral other investigations. Atomic scattering factors - 

have been obtalnad*7* and the Ge results have supplied a starting point in 
e o 

an effort to improve on core and valence electron self-consistency in ortho- 

gonalized plane wave calculations(8' for germanium. 
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Analytic H-F methods,,9) utilizing a version of Nesbet's symmetry and 

equivalence restrictions* ('0, have Ijeen used to (jtjtain the wave functions. 

Some details of the method are disftussed in Section 11^ A fuller discus- 

sion has baen given prevloiisl.y *1'' whera H*F results for SP  shell atoms were 

reported.  The*H-F rgsults appear in Section III along with comparison« o£ 

the previously available Zn and Kr functions. 

II.  DBSCRIPTION OF THE CALCULATION 

Six of the eleven ntoas and ions, for which H-F results will be re- 

ported, are closed shell lone.  These can be straightforwardly handled112* 

but the remaining five Ions with their unfilled 4p and filled 2p and 3p 

shells raise a problem ot  maintaining orthogonality between p orbltals. 

We have discussef. this matter at length when reporting'1 *' 3p atom solutions 

and the reader is referred there for a discussion of this. We have utilized 

the eaae version of Nesbet's symmetry and equivalence restrictions110' as 

was used la the 3p atom investigation.111' This procedure does not yield 

the best possible H-F results bat it has been our experience,118* and that'14' 

of Investigators who have used the numerical H-F method, that the H-F elgen- 

functioos are Insensitive to the way in which the orthogonality "problem" Is 

treated. Because ol this, application of the symmetry and equivalence re- 

strictions yields results which are only negligibly Inferior to the "best 

results." The discrepancies introduced are far smaller than the difference 

between the Hartree-Fock and the "true" oany-electron wave functions.  It 

Is our opinion that if one requires superior many-electron elgenfunctlons or 

eigenvalues one should be prepared to obtain these by going beyond the con- 

ventional Hartree-Fock formalism. 

As already noted, we have utilized the anaiytic Hartree-Focl: method to 

obtain «uj fgsults,. This jiethod «S(»s standard matrix techniques to obtain 
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orthonorual   analfti« Hafferee-I^offk  racial  «»rtiltais,  tfjCr)'«,   of   th% formt 

U^v)   = ?: Cij   Rj(r) 8       (1) 

■fheif normal iz at Ion contiition  iß! 

** " *        00 « s. 

•     So    Wl(n\  Ar  - 1 (2) 

and the basis  functions Rj's.  are of  the form: 

Hj   (?)   - N^^ + Aj   ♦   1)   e *  -J1 (3) 

wliere -t is the ote-el  ction angular momentum quanttim number appropriate for 

the one-electron orbital  of whicb U^r)  is  the radial part.    The Nj Is a 

normalizatlon constant and is expressible  In terns oi   ttie other parameters, 

i.e.: 

J       I (a-C  ♦  2Ai   *   2) 

A/2 
(4) 

Uj(r}'s of connon -C va!«e are construe tea from a coomor set of RjCO's. 

Given the basis  sets.   I.e.  the Rj(r)'s,  the problem is reduced to solving 

the Hartree-Fock Integro-dlfferentlal equations for the eigenvectors  (the 

CJJ'S) and their eigenvalues.    Ihls  is done by straightforward matrix 

(Jiagoaal l^atlon and manipulation and avoids the oroblems of nunerical 

accuracy Inherent in the  integrations of the nwraerlcal H-F method. 

Recently'1*'16'a'   several workers have overcome the problem of numer- 

ical   integration  accuracy,     in particular Mayers'16'  has not only obtained 

highly accurate numerical H-F solutions  but he has also accurately evaluated 

(a  not  easy   task!)   the   one  and   two-electron   integrals  ataklpg Hp the  total 

energy.     This will   alle-« detailed  comptrison*  to he  madfe for the   first, time 

between  nttmeriea!  and Analytic results. 

■4- 
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Iij. genetsi  the  two apptoaffhe«  aje  ff?n&pia,m€rÄtär^,   sometimes   on% and 

siSonietlisaa  the other provlfles &)  the sore  suitable  method of computation 

snd/of b)  resMltS  In a giors  convenlerit  form.     Vi'e have  found the analytic 

approach to be Very «sefwl4171   when going beyonti  the coa^entlonai  free atom 

H-P formalIs«.     We have also  found  It  convenient  to havs  the resultant wave, 

functions in analytic  form. 

In using the analytic approach ve  have replaced the problem of accuracy 

of nuGieiieal  integration by the problem of choosing adequate basis sets. 

Let vs consider  this  matter  no«.     Flcst   there   is   the   question 

of the size of  the set.    A snail  set is desirable because of economy  in 

computer time and retains  the advantages of wave functions of analytic fonts. 

These advantages come  from the ease, accuracy,  and convenience with which 

natrlx elements can be obtained it  the  functions are  in analytic focm. 

Large basis  sets allow greater accuracy of solution  (providing that we main- 

tain  sufficient  linear Independence among the basis set,  otherwise errors 

accumulate during matrix dlagonalizatlon).    Having made the choice of the 

size  of the basis set  there  is then the  problem of choosing the   individual 

Rj's.     in  the present #ork we have  relied heavily on earlier,2'^ H-F In- 

vestigations for  the iron series ions and so we will  review these briefly. 

The  first  investlgaticn'18'   Involved obtaining H-F solutions for Iron series 

ions  in 3dn   (i.e.  no 4s electrons)  configurations.    The basis sets were the 

largest that  could be  fitted onto the computer that wae used.'*91    Their 

slse  fixed,   they  were obtained by an extensive series of  computations where 

the basis functions were varied.    This search  concentrated on obtaining s 

good basis  functions for V through Ni.    This  Investigation was  followed by 

a series of H-F  calculations  for  the neutral   3dn'2 4s2 Iron series atoms. 

These were  done on a cooputer of  larger capacity and the basis set« w^r^ 

obtained by adding additional s-llke l\ys  (for the constrnetion  ©f th| oilSW 

loop of the  43 orbltals)  to  the othel^rise  unmadUteö  b»si«  set» «£  the ffest 

investigation.     An extensive   bas^ s   function  search  was   thus  avoideij  at  the 

-5- 
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snai  ol i)«fItllnr?  fft th# ahflrteoniinR» *>f  ttoe  PlPat efföft.    Sfwln?eff!»e«)tl,7 »are 

ßCCurats analytic  U-F calculation^  wgre *iene   f0f Sn   (3ti104s*,  ^S)  wfiifth  !§        # 

reported here and  for Fe (3cl84s2,5D). Mn + + (3ds, eS) anö CM* (3diü, %) whichappe*« 

Isewbere. •80*    T?!i<» greatest dlscrepaacies  between cnlculatlon«   fot  ths same 

state occur  £or Cu* and Sn  which  lie outside  the growp emphasizeci  In  the 

first  basis  function search. " ,?   . 

The present computations were  done  on   the   T.D.H.  704  computer at Avco 

whose capacity (32,000 words) allowed   the use of larger basis eets and we 

have taken advantage   of   this   capability.      in  Xact,  the cholc» of 

Wj's  Is based on  the iron series Rj's  and on an extensive basis  function 

search for  Kr followed  by tests  on the resultant sets  lor other atoms.    As 

a  result  the H-F  functions appearing  in   this paper are more  accurate  than 

tlie earlier'^ 1!"   iron series solutions.    The parameters defining the Rj's 

appear   In Table  I.     We have  reported  (and used)  screening constants   (Zj's) 

with  four aiplts after the deciBal  point.    This does  not Bean that Zj's were 

uniquely established  to   this many digits.     The  investigations  varying  the 

Zj's  carried  this many digits  and  since  these were kept  in  the final  calcu- 

lations  they are  reoorted  here. 

III.     RESULTS 

The eigenvectors  (CJJ'S) which define the Uj<it)   s In  terras of the 

Rj<r)'ö appear  in Table  II.    Note   that  the Cjj's are  given  for norma 11zed 

Rj(r),s.    The C^j's have not been uniquely established to the number of 

digits quoted but with  these  digits  they provide  well-orthonoriaa llzed,   *ell- 

delined Ha r tree-Foe»; orbitais.    Total  energies,   one-electron energies  (€j,'s), 

one-electron kinetic plus nuclear  potential  energies (K;'3). and  two-electron 

Fs<(4p,4p)  integrals'21'   are listed in Table  III.    The quantities  appearing 

there arc accurately evaluated for the functions defined in Table  II.    The 

HarEree-Fost; one-©lectron and total  energies have  not been rigorously 

-3 
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»established   to  the number  of dlg.lts   quoted.     f.:ore  accurate  solution  of   the 

* Hartree-Fock   equations   (e.g.   through  the  use  of  l|tfg«r  Improved  basis  setsj 

will  affect tlie  last one or  two-digits of  th^ga irifefl$ities.    ^o%e that 
• * 

Hartrfeg, at«jwl& unite  have  been  us©d •(! a«   = S Ry). ... 

yhg Kj's whicii do n®%  laeiud^ iatetelectronic terms, offer a Sensitive 

'teat of wave function behavior.  For fised 2, a contraction in a  ,r) causes 

an increase la the magnitude of its iq.  inspection of the K}*s of Table III 

shews in general that the U^'s of any one element contract when going to a 

state of higher positive ionlaation. This Is, of coucse, not surprising. 

Of greater interest is the exception to this rule which occurs for the 2p 

and 3p orbitale on going from a state vrlth one or »ore 4P orbitals (such as 

Ga or Ge) to a state with none, (such as Ga* or Oe**). Ths requirements of 

obtaining three simultaneous (hence orthogonal) p-llke elgenfunctions for 

the former state and the partial relaxation of this for the latter has caused 

a reverse trend in Kgp and ^p«  It should be noted that the resultant 2p 

and 3p orbital variations are small. 

Let us now compare the present results with those previously available 

for Kr and Zn. Worsley's numerically obtained18* e^'a for Kr appear In 

Table IV. Kj's and the total energy were not obtained by her. We see that 

there is substantial agreenent between the two sets of results. More detailed 

comparisons can be made with the earlier obtained12' analytic Zn results 

where Kj's, e^s, and the total energy are available. These appear in Table V. 

Comparison of €i's  show larger discrepancies than were seen for Kr. This la 

due to the previously discussed deficiencies In the basis set of the earlier 

calculation,  if one chose to inspect the e^'s to learn of orbital variation 

as has often been done (out of necessity) in the past, one would conclude 

that the 4s orbitals have changed least (the e^'s being in best agree- 

ment between calculations) and that the 3d orbital of the present calcula- 

tion la the more contracted (since Its €33 Is nore negative). On the other 

•7- 



hand  Inspection of the Ki's shows that  neither conclusion  is  correct.    The 

4s  orbltals  show  the  greatest,   not  the  least,   modification and the present 

calculation's  3d orbital  is  expanded  and not contracted  relative to  the 

earlier  results.     In addition  to  Inspecting indlfidua«!  ej's, sums,28 *   of e^'s 

(which also appear  In Tabl® V)   have  in the past been used «to estimate the 

variation  in total enesg^.    Sufth sums^suggest  that there  has^b&en a  1 au 

©hangig In total  energy when in  reality a change of one fiftieth that size 

has occurred.    la othex words  the cae-electroa energies supply an  often 

misleading "yardstick"  to wave   function behavior. * 
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Table  IV    Kr one-electron energies for the present calculation 
and as obtained  by Worsley3 » m 

^18 

ff2S 

si»S 

=2P 

S3P 

E3d 

Worsley's  resu 

-520.   au 

Its* present calculation 

-520.167 au 
* 

» 
- 69.9 e - 69.90it 

- 10.85 

- 1.15I5 

- 10.850 

- 1.153 
o 
IS 

- 63.1 
« 

- 63.011 

-    8.335 
. -    8-332 

-    0.53 -    0.62^ * 

-    3.80 -    3.826 

aSee ref.   3 

»© 
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Tabte V    Z» one-oieotroa energies   f#j*s),  one-electron feTn^tfc + nuclear 
,      potentfat  energy  Integrals   ^»'sj, sums of oiie-ele*tron#energfes, 

and total  energies for the  present and  earnera«aijalxtlc Hartree- 
Fock calculations. 

*   9 « 

EarS'er satsuiation3 Present cal^flatTon « s 

-353.261, a« -353.s299 au 

-'W.3I9 - m.ZSS 

- B. 600                        • -    5.635 

- 0.286     - -    0.29! 

- 38.882 *             - 38.921 

- 3.80H •                -    3.837 

- 0.751 , - 0.780 

-W9.8^9 ' -419.848 

-110.569 -tlO. 571 

- H3. 136 - 13. i55 

- 12.060 . - !2.2»8 

-109.912           ■ -108.913 

- 10.996 - 10.88! 

- 31.8i!2 - 31.722 

Total   Energy -1777.823 . -1777-813 

30 
^e. ' -1070.558 -1071.511 

I =  I 

els 

e2s 

«3 s 

«is 

e2P 
e3p 
e3d 

Kls 

'<2s 

K3s 

K1s 

KZp 

K
3P 

K3d 

aSe9  ref.   2    «> 
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